ABSTRACT. In this paper we study absolutely continuous and σ-finite variational measures corresponding to Mawhin, F -and BV -integrals. We obtain characterization of these σ-finite variational measures similar to those obtained in the case of standard variational measures. We also give a new proof of the Radon-Nikodým theorem for these measures.
Introduction
Various variational measures have been actively studied during recent years in connection with the problem of descriptive characterization of conditionally convergent integrals. It turned out that the absolute continuity and σ-finiteness play the central role in the theory of these measures. Absolutely continuous variational measures characterize primitives of conditionally convergent integrals (see, for example, [3, 4, 6, 7, 8, 9, 14, 15, 17, 18, 27, 28, 31, 33, 36, 37, 38, 39, 40, 45, 48, 49] ). At the same time, σ-finiteness of a variational measure gives some information about differentiability properties of the set function that determines this measure (see [2, 4, 6, 7, 10, 13, 21, 24, 32, 35, 36, 40, 41, 42, 44, 49] ). It is also well-known that, unlike general situation, the absolute continuity of a variational measure implies its σ-finiteness (see [3, 4, 6, 7, 9, 12, 14, 15, 17, 19, 27, 31, 33, 36, 39, 40, 44, 46, 47, 49] ). This relation between the absolute continuity and σ-finiteness motivated several authors to find characterizations of σ-finite variational measures. In general, these characterizations can be expressed in the following form: variational measure is σ-finite on a set E iff it is σ-finite on . . , y m ) ∈ R m . The value diam E = sup x − y max : x, y ∈ E is called the diameter of a set E in the maximum norm. By B(x, R) and U (x, R) we denote open balls of the radius R centered at x in the Euclidean metric and in the maximum norm, respectively. H , µ and µ * denote the (m − 1)-Hausdorff measure, the Lebesgue measure and the outer Lebesgue measure in R m , respectively. Terms "measurable" and "almost everywhere" will always be used in the sense of the Lebesgue measure. A set E ⊂ R m is negligible if µ(E) = 0. Unless specified otherwise, the absolute continuity of a measure we understand in with respect to the Lebesgue measure. For a measurable set E define the essential interior int * E as the set of all density points of E and the essential closure cl * E as the set of all nondispersion points
ABSOLUTELY CONTINUOUS VARIATIONAL MEASURES OF MAWHIN'S TYPE
of E (for definitions of density and dispersion points see [1, 29, 34] Two standard indicators are usually used to get information how much a bounded measurable set differs from the m-dimensional cube. For a nonempty bounded measurable set E the numbers
are called the shape and the regularity of E (see [10, 12, 13, 16, 29, 30, 31, 32] ). In view of [29, Proposition 12.1.6], shape and regularity are related with the inequality
for any figure E. Thus, if E is a figure, it is easy to check that 0 < ρ(E) 1, 0 < reg(E) 1 2m and m-dimensional cube is a figure of maximum shape 1 and regularity 1 2m . If E is an interval then the opposite inequality holds; i.e., 1 2m
(see [29, Remark 12.1.7] ). Let Ψ be a class of bounded measurable sets. Fix a positive function δ on R m and consider the set
The family B = {B δ } δ , where each B δ is nonempty and δ runs over the set of all positive functions, is called a derivation basis. Elements of the class Ψ are called B-sets. We will also use the following notation
The following definitions are taken from [6, 17, 39, 47, 49] . A derivation basis B is said to
• be a Vitali basis if B δ [{x}] = ∅ holds for each x and for each δ;
• be a BF -basis if for any B-set M and for any x ∈ M the pair (x, M ) ∈ B δ for some positive function δ; • have the Vitali property if for any set E ⊂ R m and for any collection of B-sets C , which forms a Vitali cover of E, there exists a subsystem
Let B be a derivation basis. Fix ρ ∈ (0, 1], r ∈ 0, 1 2m and for each positive function δ on R m set 
A B-set function F is said to be B-differentiable at a point x if both extreme B-derivates at x are finite and coincide. Their common value is called the B-derivative of F at x and is denoted D B F (x).
Let, in addition, all regular derivation bases B r , r ∈ 0, 1 2m , generated by the basis B, be Vitali bases. Then the upper and the lower ordinary B-derivates of a B-set function F at a point x are defined in the following way:
and
If both extreme ordinary B-derivates at a point x are finite and coincide, then the function F is B-differentiable in the ordinary sense at x. Their common value is called the ordinary B-derivative of F at x and is denoted F B (x). It follows from inequalities (1) and (2) that, for derivation bases of intervals this definition of the ordinary derivative is equivalent to the classical one given in [34] . The use of gages is the central idea of the whole theory of nonabsolutely convergent integrals and the theory of variational measures. The term 'gage', as met in the literature, has several meanings. The original and standard definition of gage is due to J. Kurzweil and R. Henstock (see [22, 23, 25] ). However, some modifications were recently suggested by a number of authors. Here we consider the gage in a general setting which covers all the most important cases. Let an arbitrary family K of negligible sets be fixed. A nonnegative real-valued function δ(·) is called a gage if its null set x : δ(x) = 0 ∈ K . If we put K = {∅}, then we obtain the classical gage which is used in the theory of Henstock-type integrals (see, for example, [6, 8, 17, 21, 26, 27, 28, 33, 39, 43, 44] ). If we put K to be the family of all thin sets, then we get the gage which is used in the study of F -and BV -integrals (see, for example, [3, 10, 12, 13, 14, 15, 16, 29, 30, 31, 32] ). At last, if K is the family of all negligible sets, we obtain the notion of essential gage (see, for example, [3, 5, 10, 13, 32] ).
Let B be a Vitali derivation basis, W ⊂ R m , F be a B-set function and δ be a gage defined on
where π is δ-fine partition anchored in E, is called the δ-variation of F on E. Then, the set functions
and (1) and (2) show that in the case of derivation bases of intervals the variational measure of Mawhin's type allows an equivalent definition in terms of shape; i.e.,
Unless specified otherwise, all conclusions about variational measures will be considered under the assumption that all members of K are negligible. Variational measures (4) and (5) 
provided E ⊂ R m and 0 < r 1 r 2 1 2m . Let m be an outer measure defined on a σ-algebra A and S be a subclass of A . We say that a set A ∈ A is regular with respect to the class S and outer measure m if there exists a set C ∈ S which contains A and m(A) = m(C). The notion of regularity of outer measure is often used in the case when A is the σ-algebra of all subsets of a fixed set and S is the σ-algebra of all measurable sets in the sense of Caratheodory (see, for example, [1, 20, 42] ).
A real-valued BV -set function F is called a charge if it satisfies the following conditions: 1) F is additive;
2) for each ε > 0 there exists η > 0 such that |F (B)| < ε for any BV -set B ⊂ U 0, ε . It is known that the family of all BV -sets can be topologized so that each charge becomes a continuous function with respect to this topology (see [10, 12] , [13 
σ-finite variational measures
We need the following theorem which extends [9 
Then it is easy to check that a required
Now we prove the theorem. Let A 1 , A 2 , A 3 , . . . be pairwise disjoint sets from A . As it was proved above, there are sets X n ∈ G such that X n ⊂ A n and λ(A n \ X n ) = 0 (n = 1, 2, 3, . . . ). Then by the absolute continuity we have ν(A n \ X n ) = 0 (n = 1, 2, 3, . . . ). Using σ-additivity of ν on σ-algebra G we get
This proves σ-additivity of ν on σ-algebra A . 
P r o o f. For classes K having the property:
Lemma 3 is a special case of [30, Theorem 3.3] . In fact, (7) means: if δ is a gage on A ⊂ R m , then the function
is a gage on A, too. In the general case, the proof given in [30, Theorem 3.3] requires a slight modification. Since each figure is a BV -set, by definition
Let κ be the positive constant used in [30, Proposition 2.4] . Proceeding towards a contradiction, suppose that there exists a set B ⊂ R m such that
It means that there is a regularity r ∈ 0, 1 2m and a gage δ :
where θ = r 2κ .
By [30, Lemma 3.2] there exists at most countable set C ⊂ B such that the function
attains strict local maximum at no point x ∈ B.
Since the variational measure V K , BV r , F, · is an outer measure, by the assumption of the lemma This contradiction proves the lemma.
In particular, absolutely continuous variational measure V M {∅}, F , F, · is σ-finite σ-additive measure defined on σ-algebra of all measurable subsets of E. 
Since the ordinary derivative F F is measurable, the sets D and Y k are measurable too. It means that there exist
Define the gage δ(
Since the figures M i are nonoverlapping, by the definition of the gage δ
). Since the right part of the previous inequality does not depend on r, then
Consider the negligible set 
Radon-Nikodým theorems
The classical Radon-Nikodým theorem applied to variational measures can be refined. It is possible to find the explicit formula for the Radon-Nikodým derivative of some variational measures (see [2, 5, 10, 13, 15, 17, 32, 33, 42, 43, 49] ). In this section we will give a new proof of these results. Theorem 3 plays the central role (see [ (11) is well defined.
Due to measurability of D B |F |, the set D is measurable. Each measurable set X ⊂ E can be represented in the following way:
Therefore, in order to prove (11) it is enough to prove the following equalities:
assuming X 1 and X 2 to be arbitrary measurable subsets of E \ D and D, respectively. At first prove (12) . Since it is trivial for negligible sets we can assume
By definition,
Moreover, for any N > 0 and for any positive function δ :
such that for each pair x, M j (x) ∈ B δ [{x}] the following inequality is fulfilled
Since B is a Perron and Vitali basis, the family M j (x)
forms a Vitali cover of X 1 . By the Vitali property there exists at most countable subfamily
Pairs
form a δ-fine partition anchored in X 1 , therefore by (16) we obtain
In view of continuity of µ we get
> 0.
Since N > 0 and the positive function δ(·) are arbitrary, the last inequality implies
Thus, the equalities (15) and (19) prove (12) . Now prove (13) . Since it is clear for negligible sets we can assume µ(X 2 ) > 0. Due to σ-finiteness of µ we can also assume µ(X 2 ) < +∞. Thus,
Consider the sets
and the sequence of step functions
It is clear that, when k is fixed, the sets D kn are pairwise disjoint,
of nonnegative real-valued functions uniformly converges to D B |F |, provided k → +∞, and
Due to the measurability of the upper derivate D B |F |, the sets D kn are measurable. Therefore, there exist open sets
Besides, at each point x ∈ D kn there exists δ kn (x) > 0 such that
for each pair (x, M ) ∈ B δ kn [{x}] . Define the gage δ as
There also exists a sequence of B-sets
associated with the point
Since B is a Perron and Vitali derivation basis, the system M knj (x) +∞ j=1, x∈D kn forms a Vitali cover of D kn . By the Vitali property there exists at most countable subcover of pairwise disjoint B-sets
The pairs
In view of σ-additivity of the variational measure V B, F, · we get
Hence, by (20) and by Fatou's lemma we obtain (the union is finite, in fact). Let G kn = M : (x, M ) ∈ π kn . Since the B-sets from the partition π kn are nonoverlapping, the following equality holds
By definition of the gage δ we get
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Hence, by the definition of the variational measure and by (20) finally we get
Now the equality (13) is a trivial corollary from (30) and (32) . The sufficiency follows in a trivial way from the equality
which holds for each negligible set X ⊂ E. The proof is complete. 
we deduce that the function |F | is differentiable at each point of D and
Thus, by Theorem 3 and by the latter equality 
By (6) 
for each measurable set X ⊂ E.
Consider now the Radon-Nikodým theorems for Mawhin's type variational measures. 
Ì ÓÖ Ñ 4º
for each measurable set X ⊂ E and for each regularity r ∈ (0, ]. The bases B r satisfy conditions of Corollary 2, therefore, analysing its proof, we can deduce that derivatives D B r F are measurable and finite almost everywhere on E. Hence, by (3) these derivatives coincide almost everywhere. It means that the ordinary derivative 
Finally we get
= V B r , F, X 
As in the proof of Corollary 2 we deduce that 
By Theorem 3, applied to the bases F r 1 , F r 2 and to an arbitrary measurable set X ⊂ E, we get 
for each measurable set X ⊂ E and for each r ∈ (0,
]. Now equality (36) follows directly from (39) and (40) .
The same statement for the variational measure V M BV , F, · follows from Lemma 3 and [13, Lemma 3.1]. The proof is complete.
